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Multiple Goals And Mathematical Programming
Abstract
The traditional approach to the theory of the firm assumes a utility function with a single argument, that of
profit or income maximization. Recent theoretical advances have enabled analysts to add a second argument
to the utility function — that of risk — and to assess the tradeoffs between risk and return as alternative, often
competing, goals. But the goals of risk and return do not exhaust the complete set of short, intermediate and
long-run objectives which farmers and their families have expressed. Clearly the goal functions of farmers are
multi-dimensional, and include income, risk, community status, leisure time, survival growth, etc. In fact, we
have argued else where that in a long-run planning context, the common perception of profit as a goal may in
fact include various dimensions or components including dividends paid to shareholders, value of the firm at
the end of the planning horizon, probability of financial collapse and net tax free cash. Furthermore, the
relative importance of various goals may differ depending on the type of . decision being made; for example, in
times of financial stress, survival may be the most important short-run goal, but growth and expansion may
still be the dominant long-run goal.
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Introduction
The traditional approach to the theory of the firm assumes a utility
function with a single argument, that of profit or income maximization.
Recent theoretical advances have enabled analysts to add a second argument
to the utility function — that of risk — and to assess the tradeoffs between
risk and return as alternative, often competing, goals. But the goals of risk
and return do not exhaust the complete set of short, intermediate and long-run
objectives which farmers and their families have expressed. Clearly the goal
functions of farmers are multi-dimensional, and include income, risk, community
status, leisure time, survivalj growth, etc. In fact, we have argued else
where that in a long-run planning context, the common perception of profit as
a goal may in fact include various dimensions or components including dividends
paid to shareholders, value of the firm at the end of the planning horizon,
probability of financial collapse and net tax free cash. Furthermore, the
relative importance of various goals may differ depending on the type of .
decision being made; for example, in times of financial stress, survival may
be the most important short-run goal, but growth and expansion may still be
the dominant long-run goal.
Some goals have an explicit time dimension in addition to a level of
attainment dimension. For example, many farmers not only aspire to own or
control a specified acreage or to obtain a particular level of net worth, but
they hope to obtain control of this acreage or attain this net worth by a
specific age or at a particular point in their life cycle. Analytical models
*Presented at the Annual Meeting of NCR-113, St. Louis, Missouri, October, 1981
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to evaluate fanner behavior must not only be able to handle multiple goals
and the tradeoffs between these goals, they must also accommodate multiple
dimensions of these goals.
The objective of this discussion is to review the potential of using
mathematical programming techniques to solve decision problems that are
characterized by multiple goals. We will proceed by first identifying the
multiple goal problem in simple mathematical notation. Then the various
programming techniques that can be used to solve multiple goal problems will
be briefly reviewed. Finally, the discussion will turn to a recent numerical
study using multiple goal programming procedures to illustrate the empirical
content of such techniques.
The Problem
In general, a decision problem with multiple objectives can be expressed
as an integer non-linear programming problem: Find the 1 x k vector of acti-
I
vities X, such that:
Z = z(g^(x), g2(x), ...» a max (1)
subject to:
h^(x) < 0 (2)
and
x > 0, (3)
and some elements of x integer,
where
g^(x) the jth goal function; j=l, . . •, n,
hj^(x) = the ith restraints on the decision alternatives;
1, . • •, m,
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X = k X 1 vector of decision alternatives and levels-, and
Z = some function, probably nonlinear, of the level of individual
goal functions.
If the individual functions,, gj (x) , h^(x), and the objective function, Z,
are known a priori, the decision problem can be analyzed by any of the
complicated search procedures suitable for integer nonlinear programming.
We are concerned with the less general case in which 1) the restraints
(2) can be expressed as, or approximated by^ linear inequalities; 2) the
individual goal functions (x), can be expressed on an .arbitrary linear
scale; and 3) a local maximum of the objective function (1) is the global
maximum and the direction of improvement of the function can be determined
at any point.—^
The first of these qualifications implies that restraints (2) can
be replaced by a set of linear inequalities:
Ax £ b (4)
where
A is a m X k matrix of the financial flows and technical
coefficients of the decision alternatives, and
b is a m X 1 vector of restraints.
The second of these qualifications, that Sj can be expressed on
a linear scale, presents few problems when the goal function is one that is
1/ *—That is, ^ven any solution, x , the corresponding gradient vector:
*
*
V
z
3z
3g,
can be evaluated. Note that we have not assumed that (1) itself is linear,
merely that a gradient vector can be obtained and that a local optimum is
a global optimum.
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typically measured in monetary terms. All that is required is that the
function "be linear in money, or that $50 has a utility exactly five times
that of $10.—^ When the goal function cannot be easily measured in monetary
terms, an arbitrary scale must be devised. This scale must meet the
requirement that if we designate specific "bad" and "good" outcomes of the
jth goal as, say, 0 arid 100 respectively, then any other outcomes can be
placed on the resulting scale and the preferences thus expressed are additive.
Suppose, for example, that one of a firm's objectives is to minimize
pollution, and there are two investment alternatives: 1) a large sewage
installation that would improve water quality leaving the plant, and 2) an
addition to the plant that would not affect water quality leaving the plant
but would add to air pollution.
The arbitrary scale might then assign 0 to do nothing (adopt neither
project), and -100 to the air-polluting project. We then require that
the improved water quality project can be placed, say, as +20 on the resulting
-100 to 0 scale and that if both projects are undertaken their results
3 /
would be additive on the scale (or -80 = -100 + 20)
It is important to note that in the above example the two projects do
not need to fall on any technical or financial continuum. The improvement
in the "pollution level" resulting from improved water quality is not
2/
— Not all monetary goals will necessarily fulfill this simple requirement.
It may be that $5 million is not thought' to be exactly five times as worth
while as $1 million. In that case even the monetary goals will need to be
converted to a linear scale, as discussed below.
3/— Nonadditivity can easily be handled by defining mutually exclusive
investment opportunities. If, in the example cited, the two projects gave
a pollution score of -60 (rather than -80) on the established -100 to 0
scale, we could define three investment projects: 1) sewage plant, as
before (score +20); 2) air pollution, as before (score -100); 3) sewage plant
and air pollution (score -60); with the added requirement that, at most, one
of these projects might be selected.
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technically comparable with the decline in the pollution level because of •
increased- air pollution. What we require here is a judgment by the decision
maker that from the pollution viewpoint the deterioration in the environment
caused by the air pollution project would be five times the magnitude of the
improvement in the environment achieved by the sewage treatment project.
This'judgment is made in otily the "one dimension" of the level of pollution.
The decision maker need not detemine which of the two projects he prefers
overall; he has only to order them linearly with respect to the particular
goal currently under discussiop.
The procedure calls for linearizing (or scoring on a 1 to 100 scale)
• V
each goal function, one at a time and in isolation. We are not at this
stage judging any desirable trade-off between goals. It may be that with a
total pollution "score" of 5,000, the decision group would willingly pay
$1 million to reduce the score by 100, even though with a total pollution score
of 1,000 they would pay only $.1 million for a further reduction of 100.
If the decision maker cannot provide even a tentative estimate of this
"one-dimensional" information, it is obvious that the derivation of anything
approaching an optimum decision would be extremely difficult. Certainly
it would lie outside the scope of this paper.
The third qualification, that the direction of improvement of the
objective function (1) can be specified at any point by the decision maker,
enables us to use a search procedure to derive a sequence of improved
decisions. The related assumption, that a local optimum is a global
optimum, ensures that the: the terminal, point of such a sequence will be the
global maximum.
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Soiution Procedures
Obtaining numerical solutions to the multi-goal prbgranmiing problem
can be accomplished using various types of techniques. Price classifies
these techniques as: 1) prior weighting of objectives, 2) exploration of
the solution space, and 3) goal programming,
Puior Weighting of Ob:i ectives
This procedure simply involves maximization of a linear combination
of the individual objectives through the specification of an appropriate
set of weights The ;weighting procedure can be simply stated as:
P
Max 2 A.g. (x) (5)
j=i ^ ^
Subject to;
Ax ^ b (6)
X > 0 (V)
where
X. indicates the relative weight assigned to the jth goal or
^ objective by the decision maker and the other variables are
as described above.
A variation of this .weighting scheme procedure is to incoporate only
one goal in the objective function and the other goals in the constraint set,
In addition, multiple solutions could be obtained for various levels of the
goals incorporated as constraints. This alternative recognizes the concept
that the a priori specification of weights may not accurately reflect the
utility function of the decision maker.
Exploration of the Solution Space
The second approach involves searching the decision space in an inter
active fashion with the decision maker to ascertain the optimal solution.
This procedure is proposed as an extension of the weighting scheme noted
earlier with emphasis on soliciting information from the decision group
that can be used to determine a more accurate, representative set of weights.
Note that the decision maker influences the weights 's for the goal scores,
but has no role in determining the numerical score that a particular project
will be assigned with respect to the various goals.
In an earlier work, we proposed that the exploration procedure could
use an iterative approach using both the decision makers and the linear
programming analysis as "black boxes" with the output of one used as input
to the other.-^ Initially an efficient solution for a specified set of relative
weights of the goal functions would be presented to the decision makers. The
decision makers would then be used as a black box to tell us the direction
of the relative changes in the weights which they think would lead to an
improved-solution; If they cannot do this directly, parametric programming
in the neighborhood of the suggested weights would indicate the rate of
substitution between different goal functions; for example, how much increased
pollution must be sacrificed to increase the final asset value of the firm.
The decision makers could then decide whether a shift in that direction is
desirable. If so, new sets of budgets in that direction could be programmed
and reexamined in the same way. In this way we can feel our way towards an
optimal solution without ever explicitly defining the decision maker's
—Other approaches have been suggested to establish the weights for
goal functions and checking their internal consistency, notably the Churchman-
Ackoff Value Measure.
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preference function. The sequential identification of improved solutions
would be continued' until one is found that is better than all others or until
the rate of gain in the objective function is lower than the per unit cost
' I
of further analysis.
Goal Programming
Goal programming was first developed by Charnes and Cooper and has been
applied in numerous public and private decision environments. The concept
of goal programming is to specify a set of goals to determine target levels
for these goals, and then to minimize the deviations from these targets.
Lee has sutranarized the goal programming problem as:
P + _
Min S (d . + d .) (8)
^
Subject to:
g. (x) - d , + d . < t (9)
J J -
Ax b (10)
X, d"*",, d , > 0 (11)
3 3 -
where d . and d , represent positive and negative deviations respectively,
from the specified target level, t, of the jth goal. Some goal programming
formulations require establishment of "preemptive priorities" for each of
the.j goals so that trade-offs between the goals cannot occur, whereas
other formulations allow the deviations from various goals to be additive,
thus implicitly assuming no particular priority or weighting scheme.
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An Illustration
The following discussion will review a numerical study that has applied
a multigoal programming procedure. The purpose of thisbrief review is
to illustrate the data and modeling procedures used, and the results generated
Saygideger, et al., used the weighting scheme approach to multigoal
programming to assess the impact of the trade-offs between production
efficiency and soil loss control in U.S. agriculture. Their specific
objectives are stated as
"The first is to generate trade-off information between (a) the
cost of producing the nation*s food supplies and (b) the main
tenance of a productive land base and a high level of environmental
quality. Previous studies , . . have linked agricultural
production and soil loss by means of interregional linear
programming models. These models have evaluated the potential
impact of restricting soil loss from cropland at both the regional
and national levels under the single objective of minimizing the
total cost of'producing and transporting food to the consumer.
However, environmental quality has become a goal that must be
treated approp'riately along with economic efficiency. Thus,
selection of programs for U.S. agriculture with a single goal in
the objective function may produce a solution which is not an
optimal or efficient one in an overall sense,"
and
"The second major purpose of this study is to evaluate
and analyze the alternatives in terms of their impacts on conservation
and farming practices, land and other resources used in agriculture,
soil loss levels, production patterns and farm incomes at the
national and regional level. Further, associated with these
"pairs," the study attempts to determine the shifts in regional
comparative advantage, indicating which regions might be affected
differently by the national impact. The resulting farming practices,
land and resource use, and crop and livestock production patterns
can indicate possible shifts in cost of production and income."
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The decision environment included the choice among various crop and
livestock production practices in various production regions of the U.S.
subject to traditional resource constraints on production practices in
terms of land, water and transportation capacity and subject to exogenously
specified commodity demands. An abbreviated schematic illustrating the
structure of the programming model used is shown in Figure 1.
The trade-offs between soil loss and cost of production as generated
by this model for various goal weights are illustrated in Figure 2,
Saygideger, et al., note that
"As indicated by the shape of the trade-off curve, starting frcan
point 1, substantial improvements can be made in the conservation or
environmental goal without great sacrifice in production costs for U.S.
agriculture. The curve then "bends sharply" between points 2 and 5,
indicating that beyond point 5 large sacrifices are made in the cost
of production for small improvement in the conservational goal.
The situation portrayed in Solution 1 is one where farmers would
adopt the most profitable cropping plans based on continuous row cropping
and commercial fertilizer as a cheaper source of nitrogen than legumes.
When continuous row cropping is used with straight-row farming, protection
against erosion on sloping fields is minimal. Interregionally, production
patterns develop according to regional comparative advantage regardless
of soil erosion hazard. For example, cotton and soybeans are produced in
the South Atlantic region even though the land is highly susceptible to
erosion- When society attaches a value to soil eroded from the fields
(even a relative small amount as in Solution 2), it is not profitable to
continue to use erosive farming practices on sloping land because net
returns decline; the eroding soil has a cost attached to it. Some of the
most erosive land is taken out of row crop production in regions where
problems are severe. Erosion hazards in some regions are overcome by
proper tillage practices and rotations including hay crops or, in highly
erosive cases, by terracing. Even though it is more costly, terracing
becomes profitable because it permits row cropping while arresting erosion,
Conservation depends to a lesser degree on a large acreage of relatively
less profitable forage crops.
However, beyond point 5, small reductions in total U.S. soil .loss
entail large increases in production costs as it becomes costly to imple
ment terracing and other conservation practices on the extremely marginal
lands which were not cropped in previous solutions. Additionally, pro
duction costs increase rapidly because of interregional adjustments in
crop production patterns. For example, cotton and soybean production
shifts away from the South Atlantic region to regions in the West having
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1
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CostGoal SoiltossGoal
Objective
Function
a
"l ^2
Cost Accounting
Restraint
0 = vc" VC VC -1
Soil Loss Account
ing Restraint
" 0 = sl"^ SL -1
Resource Re
straints in PA 2
>
-
Resource Re
straints in PA 2
> •
®21
rommodity Demands
in MR 1
< '21
- -*
- weights assigned to the goal activities.
- variable costs of production.
c - soil loss in tons/acre.
bii
^^ij *'^ ij ~ coefficients for PA^ in MR^
Figure 1. Illustrative framework for a hypothetical multi-goal
model with two producing areas (PA) aggregated to
form one market region (MR)
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higher production costs. Thus, the shape of the trade-off curve in
Figure 2 beyond Solution 5 implies that society would have to make a
sizable sacrifice in one goal in order to minimize the other goal.
If a high level of environmental quality is preferred, then
minimizing only the soil loss goal greatly increases cost of pro
duction. Conversely, if society is only interested in economic
efficiency in U.S. agriculture, then minimizing only cost of production
results in high rates of soil erosion from U.S. cropland. The inter
mediate solutions indicate a "comer" on the trade—off curve between
the goals. Although information on the preference function is not
available to reach the optimal solution, the decision maker could
notice quite easily, for example, that without other data it might
be more sensible to choose Solutions 2 or 3 over other solutions
in which there are large decreases in the amount of soil eroded in
return for some small increases in cost of production,"
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The production practices for the entire U.S. that underlie this trade-
off curve are summarized by, Saygideger, et al, as follows.
Changes in Soil Loss and Farming Practices
"The results obtained from the alternative solutions indicate that
U.S. agriculture needs to make major adjustments in farming methods and
cropping patterns to significantly improve soil conservation. Reduced
tillage practices are substituted for conventional tillage practices to
increase the quantity of plant residues on the soil surface. Contour
farming is suijstituted for straight-row farming on land with a rela
tively small erosion hazard, while terracing is used on those fields
subject to severe erosion problems but have soils deep enough to
support it. In Solution 1, 33 percent of the cropland is under straight-
row farming. Straight-row farming drops to 23 percent of the cropland
in Solution 5. Cropland acres protected by terracing increase from 11
percent of the total in Solution 1 to 23 percent in Solution 5.
Terracing offers more effective protection against erosion that strip
cropping or contouring but is more expensive.
Changes in Land Utilization and Production Patterns
The total acres cropped varies less than 2 percent between alterna
tive solutions as the level of soil conservation increases (Table 1).
The total acres allocated.to various crops categories have reasonable
trends over the whole range of the solutions (Table 1). Hay acreage,
in particular, shows a steady and-substantial increase as the level of
soil conservation rises. Hay acreage expands because it is an economical
soil conservation measure relative to ailternatives such as additional
terracing. A consequence of this expanding supply of hay is the substi
tution of hay for silage in livestock rations. A significant portion of
the decline in the acres of row crops is due to the declining acres of
corn and sorghum silage.
Table 1. Land utilization and production patterns under alternative
solutions in 1985
Solutions
(000 acres)
Total cropland 370,826 '366,144 369,469 370,468 373,974
Row Crops 219,749 205,657 201,685 199,823 202,311
^"ins 72,675 73,530 75,140 75,944 75,333
^ , 38,098 50,679 58,359 61,934 65,070
40,304 36,278 34,285 32,767 31,290
fallow, sugar beet and exogenous crops.
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"Assigning a cost penalty per ton of soil eroded significantly alters
the comparative advantage of growing crops in those regions most suscepti
ble and least susceptible to soil erosion,. The high erosion hazard
associated with row cropping in the South Atlantic region results in a
substantial shift of soybeans and cotton production away from the South
Atlantic region. Legume hay, grass and small grains substitute for these
crops because of the protection they provide for the topsoil. This
changing crop mix favors the further development of beef cattle in the
South Atlantic region.
The. low erosion hazard of row cropping gives a relative advantage to
corn and sorghum grain production in the Great Plains, in those parts of
the region adapted to these crops in terms of moisture, under a national^
soil conservation policy for U.S. agriculture. The acreage of small .grains
declines slightly in the Great Plains because production shifts to the
South Atlantic and North Central regions as a soil conservation measure.
Some shift in wheat from the Great Plains to more humid regions would
change somewhat the mix of soft and hard red winter wheat produced. How
ever, the amount of hard wheat would still far exceed domestic d_eTnand and
the slight increase in soft wheat would substitute for hard wheat in
exports and livestock feed.
Acreages of legume hay, grass and small grains increase in the North
Central region as the agriculture in the region shifts away froin contin
uous row crop^ rotations of corn and soybeans to lessen erosion. The
increasing availability of grass and hay, as the emphasis on soil conser
vation increases, favors expansion of beef cow herds in the North Central
region. At the same time, the beef feeding industry in this region
declines because of the reduced acreage of corn. While the corn produced
is ample to feed livestock produced in the region under other solutions,
the comparative advantage of the region in feeding shifts with the relo
cation of some grain production and the complex of transport costs which
prevail relative to the point and level of exports.
Change in Farming Technology
The use of fertilizer and pesticides increases steadily as agriculture
is reorganized to provide more protection for the cropland (i.e., in
Solution 5 as compared to Solution 1). Changing farm practices, such as
the expanding use of reduced tillage increasing pesticide requirements
of crop production, can significantly alter the use of inputs by U.S.
agriculture (Table 2). The principal reason the use of fertilizer
increases as the level of soil conservation rises is due to interregional
adjustments in corn production. VJhen agriculture is organized without
consideration of the consequences of soil erosion, the production of corn
is concentrated on the most productive land, especially in the North
Central region. As the cost penalty assigned per ton of soil loss rises,
this concentration declines because hay, grass, and small grain crops
must be grown in rotation with the corn to control erosion. Thus, as
corn production is forced to shift to less productive land, e.g., the
Great Plains, the amount of fertilizer and pesticides required to raise
a bushel of corn increases.
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Table 2. Acres and resources used in an efficient agriculture in the
alternative solutions in 1985
Solutions
Land
cultivated
(000 acres)
Nitrogen
fertilizer used
(000 ton)
Pesticide
expenditures
(000 dollars)
1 370,837 9,350 1,527,964
2 366,144 9,351 1,908,280
3 369,469 9,705 2,053,998
4 370,468 10,041 2,268,421
5 374,004 10,442 2,458,863
Expenditures are in terms of 1972 dollars.
Supply Prices
"Changes in farm practices (such as the increased use of terracing,
and adjustments in cropping patterns, growing corn in rotation with grass
and hay and shifting some of the corn acreage in the North Central region
to the Great Plains) cause only modest increases in the cost of producing
crops in the United States up to Solution 3. However, between Solution 3
and Solution 5 supply prices increase by a large amount (Table 3). These
large cost Increases would raise food costs for U.S. consumers and
disadvantage U.S. agriculture in world commodity markets."
Table 3. Percentage changes in the index of supply prices for the major
agricultural conanodities in the alternative solutions in 1985
(Solution 1 = 100)
Solutions
Commodities 1 2 3 4 5
Corn 100 104 115 144 198
Soybeans 100 113 134 184 280
Cotton• 100 92 104 115 136
Pork 100 105 113 133 174
Beef 100 101 107 123 155
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Conclusion
Multiple goals are a characteristic of reality in most decision environ
ments, and empirical procedures that can accommodate multiple goals are essential
to predict and prescribe appropriate economic behavior. Single goal program
ming models are commonplace in empirical research in agriculture, and recent
advances have demonstrated that programming models can be used to analyze
multiple goal problems as well. Furthermore, advances in the application of
multiple programming will not be as much restricted by the methodology and
solution procedures as by the data. The income or profit scale for determining
goals is easily understood by most analysts; scoring of other goals such as
life style, community status, pollution, etc., in an objective fashion presents
more serious problems.
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